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BaCKg rO u n d . business
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» Pearson’s correlation
« Spearman’s rank correlation, p
 Kendall's rank correlation,

T
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« Maximal information coefficient
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Background: Pearson correlation coefficient business
(X,Y) DERBBEIROBS £
_ cov(X,Y) COV : covariance
P oz /o2 o2, 02: variance

BEOEH: —-1<p<1

L4 Linear /

I Non-linear
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Background: Spearman’s rank
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Background: Hilbert-Schmidt Independence Criterion (HSIC) db
Roughly Speaking: T—49 ZB4KE VARV SZERICHRIL. TR EETE
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Proposed Method: New coefficient &, business
0. n {BDiid THYTNEINERPERE B
(X,Y): (X1,Y7),---,(X,,Y,), Yis not const. (X,7): (1.2,1.9),(03,1.1),(3.2,1.7)
1. X BESEIZRIEICY—b X < - < X | sor
B (XY (X, Yiw) (X Yp): (03,1.1),(1.2,1.9), 3.2, 1.7)
2.v £RIBICSYF VIS | Rank

» 1,0 T ri1,3,2

3. &K ¢, =518

i S EMEN D &=
X ¥ ISRIEDTE N EE Yy ZRIBICSOMIFUE | ZRARLT,
n—1, o n—1, s
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n? —1

2 Z?:l Li(n—1;)
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Proposed Method: Theorem 1.1 business

fn(X, Y) =1 — 5 21—1 ’TH_ll | .
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Proposed Method: Testing independence business

IRITEDIREDE & TREBLENTIERNTFT

Theorem 2.1. Suppose that X and Y are independent and Y is continuous.
Then /n&, (X, Y) — N(0,2/5) in distribution as n — 00.

» Ea(X,Y) EIRITIFIREICDONZD

BFRIC Y DNEFR CTRLET, n> o Tné,(X,Y) - N(0,72) [TfRED

-

o _ Bo (Y, Ys)? — 2E(e(Y1, Y2) (Y1, Y3)) + (Eg(Y1, Y2))
(EG(Y)(1-G(Y)))? ;

Ft):=PY <t),G(t) =P Y >1),¢(y,y') := min{F(y), F(y')}
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Experiment 1:
General Performance
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Experiment 2: business
Testing independence (Statistical power)

B RERES Hy NEL<RNES, Hy £ EU<EHNT BHE
LEBFIE(— IRV RMRESE

« Maximal information coefficient (MIC)
« Distance correlation (dcor)

« HHG test
« Hilbert-Schmidt independence criterion (HSIC)

-~

VX1l —2327—% (n = 100, noise € ~ N'(0,1), noise parameter A € [0,1])

 Linear:Y = 0.5X + 31¢

« Step function: Y = f(X) + 104¢

« W-shaped, Y = |X + 0-5|1{X<0} + |X — 0-5|{X20} + 0.751¢

« Sinusoid: Y = cos8mX + 3¢

« Circular: Y = Zv1 — X? + 0.91¢, where Z is 1 or -1 (random)

» Heteroskedastic: Y = 3(a(X)(1 — 1) + A)¢&, where g(X) = 1 if |[X| < 0.5 and 0 otherwise
(F3F—80)
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Experiment 2: {2177 business
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Experiment 3: Computational cost Bosinass

Comparison of run times (in seconds)

n dCor MIC HSIC HHG En
100 0.008 0.328 0.048 0.167  0.006
500 0.104 5.433 1.214 4.671  0.007
1000 0.532 17.459 5.028 20.515  0.009
2000 2.423 55.556 18.873 108.949  0.009

10000 88.976  1097.483 &860.605 > 30 mins 0.011

l J l J
| I

Permutation test (200 permutations) i Pl
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COhC|USi0n business
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3. {EDEEM [0, 1].
Y=fX) —¢=1
XY i - &=0
4. Y BEHTIEFRVWEWVLSBAD, (X, V) [CXHTDIREZHEE L)
E NEATTIAINT—IICEBATES
5. &, [JFFICIRENT DL ORMEFITT T DB AN FL)

HE—DRR: (EDD—ARBVRIBEFRETFAICLEENR T, @H 5N THOTZWIREI LR
FORESDHRICIIIRENING D
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[H.Dette et.al. 2013] A Copula-Based Non-parametric Measure of Regression Dependence
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Appendix: Subsequent researches business

« Azadkia and Chatterjee (2021). “A simple measure of conditional dependence”

« Conditional Dependence Coefficient measures if Y is a function of Z|X (represented at T(Y,Z|X) )
« Use for Feature Selection

 Lin and Han(2021) “On boosting the power of Chatterjee's rank correlation”

* Modified Chatterjee’s rank correlation.
* Overcome the “Only one Disadvantage”

Only one Disadvantage: less power than several popular tests of independence when
the signal is smooth and non-oscillatory
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Appendix: Remarks business

Maximum and minimum possible value of &,(X,Y)

If there are no ties among the Y;’s

n—2
n+1

Max:

This can be less than 1 for small n.
e.g. n = 20, maximum possible value is 0.86

. 1
Min: —5+ 0(1/n)
This can be less than 0!
Theorem 1.1 only applies to i.i.d samples

When a negative value of &, : the data does not resemble an i.i.d sample.
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